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Numerical Investigation of Instability and Transition
in an Obstructed Channel Flow

Kyung-Soo Yang¤

Inha University, Inchon 402-751, Republic of Korea

Instability and transition in an obstructed channel � ow are investigated using direct numerical simulation. The
� ow geometry under consideration is a plane channel with two-dimensional thin obstacles (baf� es) mounted sym-
metrically in the vertical direction and periodically in the streamwise direction. The � ow is steady and symmetric
at low Reynolds numbers. Above a certain Reynolds number, the � ow undergoes a Hopf bifurcation, leading to a
solution periodic in time. At high Reynolds numbers the unsteady � ow exhibits a space-time symmetry-breaking
bifurcation. A secondary instability is also observed at high Reynolds numbers, which is believed to be responsible
for a subsequent chaotic breakdown of the � ow. To study the secondary instability, we take the periodic solution,
which results from the Hopf bifurcation, as the basic � ow to be disturbed with small-amplituderandom noise. De-
pending on the Reynolds number, the basic � ow becomes unstable to three-dimensional disturbances, which results
in a chaotic � ow. The numerical results obtained are consistent with experimental � ndings currently available.

I. Introduction

A LTHOUGH for decades many researchers have paid much
attention to hydrodynamic instability and laminar-turbulent

transition, understandingof their mechanisms is far from complete.
Instability and transition are dependent not only upon the Reynolds
number but also on other physical factors such as the pressure gra-
dient, freestreamdisturbances,wall roughness,and increasingnon-
linearityamong others. In addition to these, geometricalcomplexity
has been a major obstacle to complete understanding of instability
and transition, especially for the � ows related to engineeringappli-
cation.

Recent rapid development of computer hardware and ef� cient
numerical algorithms enabled one to perform numerical simulation
to study instabilityand transitioneven in complex � ows. The results
obtained can serve as basic data to verify linear or weakly nonlin-
ear theories. It is also possible for the numerical simulation to be
directly compared with experiments via � ow visualization. In this
paper numerical simulationof instabilityand transition in a channel
with thin baf� es mountedsymmetricallyin the verticaldirectionand
periodicallyin the streamwise direction (Fig. 1a) is presented.Flow
separation occurs at the tip of the baf� es, and high-shear layers are
formed behind them. Instabilitiesat high-shearlayers are often used
in engineering applications such as heat exchangers, turbomachin-
ery, or eddy generators to name a few, and a baf� ed channel � ow is
a simple model for them.

Laminar-turbulent transition is often characterized as a three-
dimensional phenomenon. Excluding a bypass transition, the ba-
sic � ow that results from primary instability (PI) becomes un-
stable to three-dimensional disturbances, and this is called sec-
ondary instability (SI). Since the 1980s, much attention has been
paid to SI by many researchers. For a comprehensive review of
this topic, see Herbert.1 One of the most noticeable achievements
in this � eld would be the SI analysis established by Herbert1 , 2

based on the Floquet theory. He applied a linear stability analy-
sis of three-dimensional disturbances to the basic � ow, which is
composed of a mean � ow and a � nite-amplitude two-dimensional
Tollmien–Schlichting wave, which results from PI. However, his
analysis cannot be applied to a nonlinear instability problem nor to
the � ows in complex geometrysuch as the obstructedchannelunder
consideration.
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Primary instability in two-dimensional channel � ow has been
well explained by a bifurcation theory.3– 5 However, research on
the SI and its subsequent development in general two-dimensional
channels is very rare. The geometry considered in this study is one
of general two-dimensionalchannels.Experiments6 showed that the
� ow undergoesa Hopf bifurcationabove the critical Reynolds num-
ber, and above a certain Reynolds number higher than the critical
one it becomes chaotic because of three-dimensionaldisturbances.
This is different from the case of plane channel � ow where the SI
takes place at a subcritical Reynolds number for PI. In this study
attempts are made to identify and characterize the PI and SI asso-
ciated with the obstructed channel � ow using a full Navier–Stokes
solver. Numerical results obtained are compared with experimental
� ndings currently available.6 More emphasis will be placed on SI.

II. Formulation
Simulation of unsteady streamwise-periodic � ow in a channel

can be classi� ed into one of the following two cases. In one case
mass � ux is � xed in time, but pressure difference between the inlet
and outlet of the channel D p � uctuates. In the other case mass � ux
� uctuates while D p is � xed in time. For the � ow geometry under
consideration,as long as a � nite difference scheme or its equivalent
is used to discretize the full three-dimensionalgoverningequations
it is notpossibleto � x themass � uxexactly.Thus, the latter approach
is adopted for this study.

All physical variables except D p are nondimensionalized by
mean bulk velocity of the periodic solution Um and the channel
height H . To nondimensionalize D p, 1

2
q U 2

m is used.
In this study continuity and incompressible unsteady Navier–

Stokes equations are numerically solved:

@u j

@x j
= 0 (1)

@u i

@t
+ u j

@u i

@x j
= ¡

@p

@xi

+
1
Re

@2u i

@x j @x j

(2)

Here ui is a velocityvector of which streamwise (x or x1 ), normal (y
or x2), and spanwise (z or x3 ) componentsare u, v , w (or u1, u2 , u3 ),
respectively,and p is pressure. Re is a Reynolds number de� ned as
Um H / m , where m is the kinematic viscosity.

The code uses a nonuniformCartesian staggeredgrid (Fig. 1b) in
a � nite volume approach.The Cartesian system is most suitable for
the geometry under consideration.To advance the solution in time,
a fractionalstep method7 is employed.The time advancementof the
momentum equation is hybrid; the convective terms are explicitly
advanced by a third-order Runge–Kutta scheme, and the viscous
terms are implicitly treated by the Crank–Nicolson method:
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a) Geometry

b) Typical grid
Fig. 1 Physical con� guration.
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The spatial discretization is second-order accurate. A multigrid
method is employed to solve the Poisson equation, which is ob-
tained after the divergence-freecondition is imposed on Eq. (4).

The code can compute two wavelengths of � ow� eld in x , which
allows one to investigate a subharmonic-typeinstability, if any. The
code is fully vectorized. It runs on a Cray Y-MP/C90 with a typical
speed of 550 MFLOPS.

III. Boundary Conditions and Flow Parameters
A no-slip condition is employed at all solid boundariesincluding

the thin baf� es, and the � ow is assumed to be periodic in x and
z. Therefore, we actually consider an in� nitely long channel with
the baf� es mounted periodically in x . In this study h / H =0.25,
L / H =1.456 are chosen (Fig. 1a) to match Roberts’ experiment.6

IV. Results and Discussion
A. Hopf Bifurcation

A � xed-pressure difference between the inlet and outlet is sud-
denly applied. Then the � ow becomes accelerated and asymptot-
ically approaches a symmetric solution. According to Roberts’
experiments,6 this two-dimensional symmetric solution is stable
when Re is under 100. Otherwise, the � ow undergoes a Hopf bi-
furcation leading to a solution periodic in time. This is considered
as PI and remains as a two-dimensional � ow.

Figure 2 shows streamlines of the steady symmetric solution at
Re =58.5.The � ow doesnotundergoany instabilityat thisReynolds

Fig. 2 Streamlines: Re = 58:5.

a)

b)

c)

d)

e)

f)

Fig. 3 Streamlines: Re = 130.

number. Roberts’ experiment and his two-dimensional calculation
also show the same pattern.6 At Re =130, however, the symmetric
solution bifurcates to a peridic one (Fig. 3), which is identi� ed as
a Hopf bifurcation. Figure 3 shows streamlines at the same time
interval for one period, and it is consistentwith Fig. 6 of Roberts.6

Figure 4 shows the time historiesof theReynoldsnumber(Fig. 4a)
and the mean magnitudeof v(Vcl) at thecenterline(y =0.5, Fig. 4b).
Here Vcl is de� ned as6

Vcl =
1
L

Z L

0
j v(x , 0.5) j dx (10)

In the case of a steady solution such as in Fig. 2, the � ow is sym-
metric in y, and obviously Vcl must be zero. If an instability occurs,
however, the symmetry breaks up, and Vcl grows in time. Physi-
cally, this means that the absolute � ow rate through the centerline
increases. Therefore, Vcl can serve as a measure of the instability.6

As a � nite D p is suddenly applied between the inlet and outlet, the
Reynolds number starts growing (Fig. 4a). As the Reynolds number
exceeds about 100, a Hopf bifurcation is triggered (Fig. 4b). The
growth rate of the instability increases correspondingto the growth
of theReynoldsnumber(Fig. 4b). Around t =30 the Reynoldsnum-
ber nearly reaches its maximum and remains at that value between
t =30 and 40 (Fig. 4a). Thus, the growth rate is almostconstant(0.4)
during that time (Fig. 4b). This value is consistent with Roberts’
calculation.6 As the instability grows, the Reynolds number is de-
creased and � nally oscillates near a mean value (Re =130). The
Reynolds numbershereinafterrepresentthe � nal mean values. Flow
at a higher Reynolds number is obtained by accelerating the peri-
odic � ow at a lower Reynolds number. Conversely,decelerating the
former yields exactly the same periodic � ow as the latter.This is the
case for the range of Reynolds numbers considered in this study.

The numberof controlvolumesused to studythe Hopfbifurcation
is increased, depending on the Reynolds number, up to 96 £ 96 in
x and y directions, respectively.Further re� nement shows less than
1% of difference in the growth rate of Vcl.
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a) Re

b) Vcl

Fig. 4 Time history.

Fig. 5 Vcl vs time.

B. Space-Time Symmetry: Breaking Bifurcation
Figure5 shows Vcl for Re =153 and 270, respectively,after reach-

ing the periodic state. In the case of Re =153, the peaks correspond
to the instantswhen the main � ow between the two verticalobstacles
is toward the lower or upper plane, and their magnitudes are all the
same. Furthermore, the time interval between the two directions of
the main � ow is the same. However, these observationsare not valid
when the Reynolds number is high, e.g., Re =270. The magnitude
of Vcl is different for the two directions of the main � ow.

For a low Reynolds number, the following space-time symmetry
holds at two locations symmetric in y (Ref. 8):

u(x , y, t) = u(x , 1 ¡ y, t + T /2)

v(x , y, t ) = ¡ v(x , 1 ¡ y, t + T / 2) (11)

a) Re = 153

b) Re = 270
Fig. 6 u vs time: ——, at x = 0:728, y = 0:25; – ¢ – , at x = 0:728, y = 0:75.

where T is the period of the � ow. For a high Reynolds number,
Eq. (11) is no longer valid. To verify this, Figs. 6a and 6b show u
at two locations symmetric in y for Re =153 and 270, respectively.
The period of the former is 2, and that of the latter is 1.9. The solid
line represents u at x =0.728, y =0.25, and the broken line shows
u at x =0.728, y =0.75. In the case of Re =153, Eq. (11) holds
(Fig. 6a). That is not the case for Re =270 (Fig. 6b).

C. Secondary Instability
The experiment6 also shows that the periodic � ow becomes un-

stable to three-dimensionaldisturbances if the Reynolds number is
approximately over 160. This is regarded to be caused by an SI
associated with the � ow.

For the simple � ows such as a � at-plate boundary layer or a
� ow between two parallel plates, studies on SI have been carried
out experimentally,9 , 10 analytically,1, 2 and numerically,11 – 14 and SI
is now considered to be well understood. However, in the case of
complex geometry such as ours, the basic � ow is often unsteady.
Research on the SI of unsteady basic � ows is rare. In this investiga-
tion the full Navier–Stokes solver is used to study the characteristics
of SI associated with the obstructed channel � ow.

1. Criterion for Secondary Instability
To investigateSI for a givenReynoldsnumber, a two-dimensional

periodic solution is computed � rst. For example, Fig. 7 shows a
phase plane for Re =183 during 3T at x =0.728, y =0.5. The
curves for each T are completely identical, which means that
the � ow has converged. To build an initial � ow� eld for a three-
dimensional simulation, the two-dimensional � ow� eld is expanded
in the spanwise direction.The resulting three-dimensional� ow� eld
is combined with white random noise of small magnitude, at least
seven orders of magnitude lower than Um . Using this as an initial
condition, a numerical solution that satis� es both continuity and
Navier–Stokes equation is obtained.

The mean magnitude of w(Wcl) at an x – y plane is de� ned as

Wcl =
1

L H

Z H

0

Z L

0
j w (x , y, z ¤ ) j dx dy (12)
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Fig. 7 Phase plane: Re = 183.

Fig. 8 Wcl vs time.

where z ¤ is an arbitrary spanwise location. If an SI occurs, Wcl

increases, and physically this means that the absolute volume � ux
through the plane is increased. Therefore, the existence of an SI is
detected by the behavior of Wcl. After a transient period in which
the most unstable (the least stable) mode is established, the mode
dominantly grows (most gradually decays).

This approach is similar to the previous one used to study SI
in a � at-plate boundary layer.13, 14 The difference between the two
approaches,however, is that in the currentcase the basic � ow is time
dependent. Therefore, normal-mode analysis cannot be applied in
time.2 , 15 It can still be applied in z because the � ow is homogeneous
in the spanwise direction.

The number of control volumes used is 96 £ 96 in x and y direc-
tions, respectively.The resolutionwas proven to be adequate in the
preceding two-dimensional simulation. In the spanwise direction
the resolution is re� ned up to 96, based on the energy spectrum in
z. The spanwise size of the computational domain W is chosen de-
pendingon the Reynolds number such that at least two wavelengths
of the most unstable mode are contained in the domain.

2. Linear Growth of Secondary Instability
The behavior of Wcl for three different Reynolds numbers is

shown in Fig. 8 in the linear-log scale. The three-dimensionalcom-
putation starts at t =0. For Re =134 (case 1) Wcl monotonously
decays in time, which means that the basic � ow is stable to three-
dimensional disturbances at this Reynolds number. For Re =183
(case 2) and Re =270 (case 3), however, Wcl grows rapidly after
the initial transient period, which indicatesexistence of SI for these
cases. Thus the critical Reynolds number for SI must be greater
than 134. Furthermore, case 3 shows more rapid growth of Wcl than
case 2, and SI also starts earlier than case 2 as expected.

Even though the basic � ow is time dependent, Fig. 8 shows
that the SI grows exponentially. In the cases where the SI grows
(cases 2 and 3), periodicityis observed during the linear stage. This
is consistent with the Floquet theory. For example, in case 3 the
growth pattern of Wcl between t =6.5 and 8.4 is identical to that
between t =8.4 and 10.3, and the period is the same as that of the
basic � ow (Fig. 6b). This could be a clue to researchers who want

Fig. 9 Time histories of u at three spanwise locations: Re = 270.

Fig. 10 Growth rate of the most unstable mode.

to carry out analytical investigationson SI of time-dependentbasic
� ows. Wcl deviates from the linear growth after t =12.5 because of
nonlinearity. A similar trend of the behavior of Wcl is also noticed
in case 2.

Figure 9 shows u vs t plot for case 3 at three points equispaced
in z by W / 3. All three points are taken at x =0.728 and y =0.5.
The three curves are identical up to t =9.7 because the SI is not
prevailingcomparedwith the basic � ow. After t =9.7, however, the
SI becomesbig enough to distort the basic � ow, and the three curves
deviate both in magnitude and in phase.

The growth rate of the most unstable mode (r z ) can be obtained
during the exponentialgrowth of Wcl. Figure 10 shows r z at various
Reynolds numbers. As the Reynolds number decreases, so does
r z . From Fig. 10 the critical Reynolds number for SI is estimated
to be between 134 and 150, which is close to the experimental
observation.6

3. Dominant Three-Dimensional Modes
To identify the dominant three-dimensional modes, the span-

wise pro� les of w at x =0.728 and y =0.5 at three different times
(t =7.0, 9.7, 13.8) are shown in Fig. 11 for case 3. The spanwise
wave numbers kz of the dominant three-dimensionalmodes are ob-
tained by Fourier transforming the pro� les in Fig. 11. Figure 12
reveals the energy j ŵ j 2 , where j ŵ j is the Fourier coef� cient, of each
mode at t =9.7 and 13.8. For clarity the modes of which energy is
below 10 ¡ 3 are not shown. In the linear stage (t =9.7), kz =12.56,
and its harmonic is dominant. The same wave-number selection
was observed at t =7.0. For a bigger W ( =4H ) the wave-number
selection turns out to be the same. The mode of kz =6.28 also has
considerableenergy.This is consistentwith a previous investigation
of natural transition,14 which says that multiplewaves become dom-
inant in the linear stage of natural transition. In the nonlinear stage
(Figs. 11c and 12) there is signi� cant change in energy distribu-
tion among various modes caused by nonlinear interactionbetween
three-dimensional modes. Simulation must stop at this point be-
cause of lack of resolution.Figure 13 shows kz of the most unstable
mode. As the Reynolds numberdecreases, so does kz , and it appears
to go to zero at the critical Reynolds number.
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a) t = 7:0

b) t = 9:7

c) t = 13:8
Fig. 11 Pro� les of w in z: Re = 270.

The shape of the most unstable mode for case 3 at t =9.7 is
shown in Fig. 14, where w contoursare taken at a typical x– y plane.
Solid lines represent positive values, and dotted lines negative ones
with D w =0.00078. Contours W / 2 apart in z are almost identical.
Thus one can estimate that two wavelengths are contained in the
computationaldomain.This is consistentwith Fig. 11 and Roberts’s
experiment (Fig. 15 of Roberts6 ).

4. Flow Visualization
For a qualitative comparison with experimental � ow visualiza-

tion (Fig. 15 of Roberts6 ), Fig. 15 shows streamlines of Re =270
at a nonlinear stage in a perspectiveview. The starting points of the
streamlines are located at x =0.728, y =0.6, and equispaced in z.
The horizontal lines in the spanwise direction represent the baf� es.
The � ow� eld is clearly three dimensional, and one can notice that
the � ow is more distorted near the baf� es. Figure 16 is a velocity

Fig. 12 Energy of spanwise Fourier modes; Re = 270: ——, t = 9:7;
- - - -, t = 13:8.

Fig. 13 Spanwise wave number of the most unstable mode.

Fig. 14 Most unstable mode of w at a typical x–y plane: Re = 270, t =
9:7.

Fig. 15 Streamlines: Re = 270.
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Fig. 16 Velocity vector plot: Re = 270, y = 0:25.

vector plot of Re =270 at y =0.25 at the same time as Fig. 15.
For clarity only u and w are used to plot. The vertical arrows indi-
cate the locations of the baf� es. In the place indicated by a box, a
pair of counter-rotatingvortices can be noticed. All of these visual
observations are consistentwith those of Robert’s experiments.6

V. Conclusions
In this investigation instability and transition in an obstructed

channel � ow are studied using direct numerical simulation. The
� ow geometry under consideration is a plane channel with two-
dimensional thin obstacles mounted symmetrically in the vertical
direction and periodically in the streamwise direction.

A � xed-pressure difference is suddenly imposed between inlet
and outlet.Then the � ow acceleratesand asymptoticallyapproaches
a steady symmetric solution. Above a certain Reynolds number the
� owsubsequentlyundergoesa Hopfbifurcationleadingto a solution
periodic in time. At further higher Reynolds numbers a space-time
symmetry-breakingbifurcation is observed.

Above a threshold value of the Reynolds number, the periodic
� ow becomes unstable to three-dimensionaldisturbances, resulting
in full transition. This secondary instability, for which the critical
Reynolds number is estimated to be between 134 and 150, exhibits
an exponential growth in the linear stage although the basic � ow
is time dependent.The correspondingenergy spectrum reveals that
the most dominant spanwise wave number is small near the critical
Reynolds number. The numerical result is qualitatively and quanti-
tatively consistent with the experimental result currently available.
The result obtained can serve as a database for verifying an analyt-
ical study associated with the � ow.
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